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Dual Orlicz-Brunn-Minkowski theory: Orlicz ϕ-radial addition,
Orlicz Lφ-dual mixed volume and related inequalities
∗
Deping Ye
Abstract
This paper develops basic setting for the dual Orlicz-Brunn-Minkowski theory for star
bodies. An Orlicz ϕ-radial addition of two or more star bodies is proposed and related dual
Orlicz-Brunn-Minkowski inequality is established. Based on a linear Orlicz ϕ-radial addition of
two star bodies, we derive a formula for the Orlicz Lφ-dual mixed volume. Moreover, a dual
Orlicz-Minkowski inequality for the Orlicz Lφ-dual mixed volume, a dual Orlicz isoperimetric
inequality for the Orlicz Lφ-dual surface area and a dual Orlicz-Urysohn inequality for the
Orlicz Lφ-harmonic mean radius are proved.
2010 Mathematics Subject Classification: 52A20, 53A15.
1 Introduction and overview of main results
Combination of the Minkowski sum and volume leads to the rich and powerful classical
Brunn-Minkowski theory for convex bodies (i.e., compact convex subsets of Rn with nonempty
interiors), which has been thought to be at the core of modern (convex) geometry. Many
important results, such as, the Brunn-Minkowski inequality, Minkowski first inequality and the
isoperimetric inequality, play fundamental roles in attacking problems in analysis, geometry,
quantum information theory, random matrices and many other fields. Readers are referred to
the famous book on the classical Brunn-Minkowski theory for convex bodies by Schneider [29] for
more details and references.
In the same spirit, developed by the combination of radial sum and volume, there is a dual
theory for star bodies – the dual Brunn-Minkowski theory. Such a dual theory was initiated
by Lutwak in [21] and further details were provided in [22], where many important objects and
fundamental results in the classical Brunn-Minkowski theory have been extended to their dual
counterparts. For instance, the dual Minkowski inequality for dual mixed volume is analogous to
the Minkowski first inequality for mixed volume, and plays key roles in the solution of the famous
Busemann-Petty problem (see e.g., [9, 14, 22, 35]). The literature in the dual Brunn-Minkowski
theory is big and continues to grow, see [1, 6, 12, 15, 16, 17, 23, 28, 34] among others. The book
written by Gardner [11] is an excellent reference for the dual Brunn-Minkowski theory.
One way to extend the classical Brunn-Minkowski theory and its dual is to replace the linear
function φ(t) = t (note that both Minkowski sum and radial sum are linear) by φ(t) = tp. With
function φ(t) = tp, the sum for convex bodies is Firey p-sum [8] for p ≥ 1 (see also [7] for related
∗Keywords: Brunn-Minkowski theory, dual Brunn-Minkowski theory, isoperimetric inequality, Minkowski first
inequality, radial addition, Urysohn inequality.
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work) and the sum for star bodies is the p-radial sum for p 6= 0. Combination of these additions
with volume leads to the Lp Brunn-Minkowski theory for convex bodies and its dual (see [24, 25]
and related papers). Readers can find more details and references in Chapter 9 of [29] for the Lp
Brunn-Minkowski theory and its dual.
A further (and more recent) extension of the classical Brunn-Minkowski theory is the new Orlicz-
Brunn-Minkowski theory, with homogeneous function φ(t) = tp replaced by a nonhomogeneous
function φ(t). The Orlicz-Brunn-Minkowski theory for convex bodies was initiated from the affine
isoperimetric inequalities for Orlicz centroid and projection bodies by Lutwak, Yang and Zhang
[26, 27]. Note that it is totally nontrivial to find appropriate ways to define Orlicz addition of convex
bodies, partially due to lack of homogeneity for nonhomogeneous function φ(t). Fortunately, this
difficulty has been successfully overcome by Gardner, Hug and Weil in their ground breaking paper
[13]. They gave a nice definition for the Orlicz addition of convex bodies and provided a general
framework for the Orlicz-Brunn-Minkowski theory. Based on a linear Orlicz addition for convex
bodies, they also derived formulas for the Orlicz φ-mixed volume of two convex bodies. Moreover,
they established many important inequalities such as Orlicz-Brunn-Minkowski inequality and
Orlicz-Minkowski inequality, whose classical counterparts (namely the Brunn-Minkowski inequality
and Minkowski first inequality) have numerous applications in many fields. Contributions in the
Orlicz-Brunn-Minkowski theory include [2, 3, 4, 5, 18, 19, 20, 30, 31, 32, 36] among others.
This paper aims to provide basic setting for the dual Orlicz-Brunn-Minkowski theory for
star bodies. In Section 2, the Orlicz ϕ-radial addition for two or more star bodies will be
introduced and basic properties will be provided. In particular, we will prove a dual Orlicz-
Brunn-Minkowski inequality in Theorem 2.1 (see undefined notations in late sections): If ϕ ∈ Φ˜2
and Fϕ(x1, x2) = ϕ(x
−1/n
1 , x
−1/n
2 ) is convex, then for K,L ∈ S0,
ϕ
((
|K+˜ϕL|
|K|
)1/n
,
(
|K+˜ϕL|
|L|
)1/n)
≤ 1.
If Fϕ is strictly convex, equality holds if and only if K and L are dilates of each other.
Section 3 is dedicated to develop the formula for the Orlicz Lφ-dual mixed volume of star
bodies K,L based on a linear Orlicz ϕ-radial addition. Properties of the linear Orlicz ϕ-radial
addition are similar to those for Orlicz ϕ-radial addition proved in Section 2. Related dual Orlicz-
Brunn-Minkowski inequality is established in Corollary 3.1. In Section 4, important inequalities
in the classical Brunn-Minkowski theory, such as the Minkowski first inequality, isoperimetric
inequality and Urysohn inequality, will be extended to their dual Orlicz counterparts. For example,
in Theorem 4.1, we prove the following dual Orlicz-Minkowski inequality: if F (t) = φ(t−1/n) is
convex, then for all K,L ∈ S0,
V˜φ(K,L) ≥ |K| · φ
(
|K|1/n · |L|−1/n
)
.
If F (t) is strictly convex, equality holds if and only if K and L are dilates of each other. This dual
Orlicz-Minkowski inequality is fundamental in establishing Orlicz affine isoperimetric inequalities
for dual Orlicz Lφ affine and geominimal surface areas [33].
2 Orlicz ϕ-radial addition and the dual Orlicz-Brunn-Minkowski
inequality
Motivated by the recent elegant work [13], we propose a definition for the Orlicz ϕ-radial addition
of two or more star bodies in this section. We work on the space (Rn, ‖ · ‖) with ‖ · ‖ the usual
2
Euclidean metric induced by the inner product 〈·, ·〉. For a measurable set K ⊂ Rn, |K| denotes
the Hausdorff content of the appropriate dimension of K, in particular, |K| is for the volume of
K if K has nonempty interior. The unit Euclidean ball in Rn is denoted by Bn2 and its volume is
written by ωn. The spherical measure of the unit sphere S
n−1 is denoted by σ. For λ > 0, one
defines λK to be λK = {y : y = λx, x ∈ K}. The set K ⊂ Rn is said to be origin-symmetric if
K = −K where −K = {−x : x ∈ K}. For a linear map T , the set T (K) will be written as TK for
simplicity.
In the dual Brunn-Minkowski theory, natural objects are star bodies. A set K ⊂ Rn is said to
be a star body about the origin, if the line segment from the origin to any point x ∈ K is contained
in K and K has continuous and positive radial function ρK(·). Here, the radial function of K,
ρK : S
n−1 → [0,∞), is defined by ρK(u) = max{λ : λu ∈ K}. The set of all star bodies (about
the origin) in Rn is denoted by S0. Note that K ∈ S0 can be uniquely determined by its radial
function ρK(·) and vice verse. Two star bodies K,L ∈ S0 are said to be dilates of each other if
there is a constant λ > 0 such that L = λK, and equivalently ρL(u) = λρK(u) for all u ∈ S
n−1.
Clearly, for K,L ∈ S0,
K ⊂ L⇐⇒ ρK(u) ≤ ρL(u), ∀u ∈ S
n−1.
Moreover, for K,L ∈ S0, one has
ρK∩L(u) = min{ρK(u), ρL(u)}, ρK∪L(u) = max{ρK(u), ρL(u)}, ∀u ∈ S
n−1.
The natural metric on S0 is the radial metric dρ(·, ·) : S0 ×S0 → R defined as
dρ(K,L) = ‖ρK − ρL‖∞ = sup
u∈Sn−1
|ρK(u)− ρL(u)|, ∀K,L ∈ S0.
A sequence of star bodies {Kj}j≥1 ⊂ S0 is said to be convergent to K ∈ S0 in dρ(·, ·) if
limj→∞ dρ(Kj ,K) = 0, and equivalently, ρKj is uniformly convergent to ρK on S
n−1.
Let m ≥ 1 be a finite integer. Define Φ˜m to be the set of functions ϕ : [0,∞)
m → [0,∞)
such that ϕ ∈ Φ˜m is continuous, strictly increasing on each variable with ϕ(0) = 0 and
ϕ(ei) = 1, where {ei}
m
i=1 is the standard orthonormal basis in R
m. Let Ψ˜m be the set of functions
ϕ : (0,∞)m → (0,∞) such that
ϕ˜(x1, · · · , xm) = ϕ(1/x1, · · · , 1/xm) ∈ Φ˜m.
Clearly, ϕ ∈ Ψ˜m is continuous and strictly decreasing on each variable. Note that the value of
ϕ(ei) is normalized mainly for convenience. General choices for ϕ(ei) 6= 0 can be taken and our
results will follow with only small adjustments.
For function ϕ ∈ Φ˜m or ϕ ∈ Ψ˜m, define the Orlicz ϕ-radial addition +˜ϕ(K1, · · · ,Km) of
K1, · · · ,Km ∈ S0 by the function ρ+˜ϕ(K1,··· ,Km) : S
n−1 → R, such that,
ϕ
(ρ+˜ϕ(K1,··· ,Km)(u)
ρK1(u)
, · · · ,
ρ+˜ϕ(K1,··· ,Km)(u)
ρKm(u)
)
= 1, ∀u ∈ Sn−1. (2.1)
For ϕ(x1, · · · , xm) = x
−p
1 + · · ·+ x
−p
m , one gets the usual p-radial addition of K1, · · · ,Km (see e.g.,
[10]): (
ρ+˜ϕ(K1,··· ,Km)(u)
)p
=
(
ρK1(u)
)p
+ · · ·+
(
ρKm(u)
)p
, ∀u ∈ Sn−1.
3
When ϕ(x1, · · · , xm) = x
p
1 + · · ·+ x
p
m with p ≥ 1, this is related to the p-harmonic combination of
K1, · · · ,Km (see [25]):(
ρ+˜ϕ(K1,··· ,Km)(u)
)−p
=
(
ρK1(u)
)−p
+ · · · +
(
ρKm(u)
)−p
, ∀u ∈ Sn−1.
In view of these, it seems to be more appropriate to call +˜ϕ(K1, · · · ,Km) as the Orlicz ϕ-harmonic
radial addition (or combination) and the right Orlicz ϕ-radial addition should satisfy
ϕ
(
ρK1(u)
ρ+ˆϕ(K1,··· ,Km)(u)
, · · · ,
ρKm(u)
ρ+ˆϕ(K1,··· ,Km)(u)
)
= 1, ∀u ∈ Sn−1.
However, it is easily checked that
+˜ϕ(K1, · · · ,Km) = +ˆϕ˜(K1, · · · ,Km), with ϕ˜(x1, · · · , xm) = ϕ(1/x1, · · · , 1/xm).
As equation (2.1) is relatively easier to analyze and also to be consistent with the function classes
Φ and Ψ defined in [32] (see also Section 4 in this paper), we will study +˜ϕ(K1, · · · ,Km) in this
paper and call it as the Orlicz ϕ-radial addition of K1, · · · ,Km, instead of the Orlicz ϕ-harmonic
radial addition. Also note that our definition may be extended to more general functions ϕ and all
star shape sets in Rn. For our purpose, we focus on m = 2 and K,L ∈ S0.
For ϕ ∈ Φ˜2 or ϕ ∈ Ψ˜2, the radial function ρK+˜ϕL(·) for the Orlicz ϕ-radial addition ofK,L ∈ S0
is determined by the following equation:
ϕ
(ρK+˜ϕL(u)
ρK(u)
,
ρK+˜ϕL(u)
ρL(u)
)
= 1, ∀u ∈ Sn−1. (2.2)
The p-radial addition of K,L ∈ S0 is related to function ϕ(x, y) = x
−p + y−p and will be denoted
by K+˜−pL, that is, K+˜−pL has its radial function ρK+˜−pL(·) determined by the equation:(
ρK(u)
)p
+
(
ρL(u)
)p
=
(
ρK+˜−pL(u)
)p
, ∀u ∈ Sn−1.
The following lemma is useful in establishing properties for the Orlicz ϕ-radial addition of star
bodies. Let 0 < a, aj , b, bj <∞ for all j ≥ 1 be positive and finite. Let c, cj , τ be such that
ϕ
(
cj
aj
,
cj
bj
)
= 1, ϕ
( c
a
,
c
b
)
= 1, ϕ(τ, τ) = 1.
Lemma 2.1 Let ϕ ∈ Φ˜2 or ϕ ∈ Ψ˜2 and real numbers a, b, c, aj , bj, cj , τ be as above.
(i) a1 ≤ a2 and b1 ≤ b2 imply c1 ≤ c2.
(ii) Equation ϕ(x, x) = 1 has τ as its unique solution. Moreover,
0 < τ < 1 if ϕ ∈ Φ˜2, and 1 < τ <∞ if ϕ ∈ Ψ˜2.
(iii) Equation ϕ (x/a, x/b) = 1 also has a unique solution x = c with
τ ·min{a, b} ≤ c ≤ τ ·max{a, b}.
(iv) Suppose that aj → a and bj → b as j →∞. Then, cj → c as j →∞.
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Proof. (i). Let a1 ≤ a2 and b1 ≤ b2. Note that ϕ ∈ Φ˜2 is strictly increasing on each variable.
Then
ϕ
(
c2
a2
,
c2
b2
)
= 1 = ϕ
(
c1
a1
,
c1
b1
)
≥ ϕ
(
c1
a2
,
c1
b2
)
.
Again by the strictly increasing property of ϕ on each variable, one gets c2 ≥ c1. Similarly, as
ϕ ∈ Ψ˜2 is strictly decreasing on each variable, one has
ϕ
(
c2
a2
,
c2
b2
)
= 1 = ϕ
(
c1
a1
,
c1
b1
)
≤ ϕ
(
c1
a2
,
c1
b2
)
.
Again by the strictly decreasing property of ϕ on each variable, one gets c2 ≥ c1.
(ii). Let ϕ ∈ Φ˜2 and g(x) = ϕ(x, x) for all x ∈ [0,∞). Then g(x) : [0,∞)→ [0,∞) is a continuous,
strictly increasing function such that g(0) = 0 and g(1) = ϕ(1, 1) > ϕ(0, 1) = 1. Hence, there is one
and only one solution for equation g(x) = 1. This solution must be τ as g(τ) = 1. Clearly 0 < τ < 1
as g(0) = 0 and g(1) > 1. On the other hand, ϕ˜(x, y) = ϕ(1/x, 1/y) ∈ Φ˜2 for ϕ ∈ Ψ˜2. Hence,
equation ϕ(x, x) = ϕ˜(1/x, 1/x) = 1 has one and only one solution τ as ϕ(τ, τ) = 1. Moreover,
ϕ˜(1/τ, 1/τ) = 1, which leads to 1/τ ∈ (0, 1) and equivalently τ ∈ (1,∞).
(iii). Let ϕ ∈ Φ˜2. As in the proof of Part (ii), one has g(x) = ϕ(x/a, x/b) is a continuous, strictly
increasing function such that g(0) = 0 and
g(max{a, b}) = ϕ
(
max{a, b}
a
,
max{a, b}
b
)
≥ ϕ(1, 1) > ϕ(1, 0) = 1.
Hence, c is the only solution for g(x) = ϕ(x/a, x/b) = 1 as g(c) = 1. In particular, Part (ii) implies
that x = τ · a is the only solution for ϕ(x/a, x/a) = 1. Let a1 = min{a, b} = b1. By Part (i), we
get c1 = τ · min{a, b} ≤ c as a1 ≤ a and b1 ≤ b. Similarly, by a ≤ max{a, b} and b ≤ max{a, b},
one gets c ≤ τ ·max{a, b}.
(iv). First of all, if the sequence {cj}j≥1 has a finite limit, say c0, then c0 = c as
ϕ(c/a, c/b) = 1 = lim
j→∞
ϕ(cj/aj , cj/bj) = ϕ(c0/a, c0/b).
Assume that the sequence {cj}j≥1 has no limit. Due to aj → a and bj → b as j → ∞, there are
constants 0 < a0, aM , b0, bM <∞ such that
a0 ≤ aj ≤ aM and b0 ≤ bj ≤ bM , ∀j ≥ 1.
Part (iii) implies that
0 < τ ·min{a0, b0} ≤ τ ·min{aj , bj} ≤ cj ≤ τ ·max{aj , bj} ≤ τ ·max{aM , bM} <∞, ∀j ≥ 1.
Hence, the sequence {cj}j≥1 is bounded, and one can always find a convergent subsequence, say
{cjk}k≥1, with limit c¯ 6= c. Note that ajk → a and bjk → b as k →∞. This implies that c¯ must be
equal to c, a contradiction. In conclusion, the sequence {cj}j≥1 must be convergent to c.
Proposition 2.1 Let ϕ ∈ Φ˜2 or ϕ ∈ Ψ˜2, and τ be such that ϕ(τ, τ) = 1.
(i) If K,L ∈ S0, equation (2.2) uniquely defines a star body K+˜ϕL ∈ S0.
(ii) For K,L ∈ S0, one has τ · (K ∩ L) ⊂ K+˜ϕL ⊂ τ · (K ∪ L). Moreover, K+˜ϕL ⊂ K ∩ L if
φ ∈ Φ˜2, while K+˜ϕL ⊃ K ∪ L if φ ∈ Ψ˜2.
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(iii) Let K ∈ S0 and L = λK for some λ > 0. Then, K+˜ϕL = τ1 ·K with τ1 s.t. ϕ(τ1, τ1/λ) = 1.
(iv) Let K1 ⊂ K2 and L1 ⊂ L2 be star bodies in S0. For all ϕ ∈ Φ˜2 or ϕ ∈ Ψ˜2, one has
K1+˜ϕL1 ⊂ K2+˜ϕL2. Moreover, if ϕ ≤ ϕ1, then
K+˜ϕL ⊃ K+˜ϕ1L, ϕ, ϕ1 ∈ Φ˜2;
K+˜ϕL ⊂ K+˜ϕ1L, ϕ, ϕ1 ∈ Ψ˜2.
(v) Let T ∈ GL(n), the set of all invertible linear transforms from Rn to Rn. For all K,L ∈ S0, one
has (TK)+˜ϕ(TL) = T (K+˜ϕL). In particular, (−K)+˜ϕ(−L) = −(K+˜ϕL). Moreover, if K,L ∈ S0
are origin-symmetric, then K+˜ϕL is also origin-symmetric.
(vi) Let {Kj}j≥1 ⊂ S0 and {Lj}j≥1 ⊂ S0 be convergent to K ∈ S0 and L ∈ S0 respectively in
dρ(·, ·). Then, Kj+˜ϕLj → K+˜ϕL in dρ(·, ·) as j →∞.
Proof. (i). Let u ∈ Sn−1. Employing Part (iii) of Lemma 2.1 to a = ρK(u) and b = ρL(u), one
gets that ρK+˜ϕL(u) is the unique solution for equation (2.2) and
ρK+˜ϕL(u) ≥ τ ·min{ρK(u), ρL(u)} > 0.
We claim that ρK+˜ϕL(·) is continuous at u ∈ S
n−1. In fact, for any u ∈ Sn−1 given and any
sequence {uj}j≥1 ⊂ S
n−1 convergent to u, one has for K,L ∈ S0,
aj = ρK(uj)→ ρK(u) = a; bj = ρL(uj)→ ρL(u) = b, as j →∞.
Part (iv) of Lemma 2.1 implies that cj → c as j → ∞ with cj = ρK+˜ϕL(uj) and c = ρK+˜ϕL(u).
Thus, ρK+˜ϕL(·) is continuous at u ∈ S
n−1 and is continuous on Sn−1 as desired. In conclusion,
equation (2.2) uniquely determines a star body K+˜ϕL ∈ S0.
(ii). Employing Part (iii) of Lemma 2.1 to a = ρK(u) and b = ρL(u), one gets, for all u ∈ S
n−1,
τ ·min{ρK(u), ρL(u)} ≤ ρK+˜ϕL(u) ≤ τ ·max{ρK(u), ρL(u)}.
Equivalently, τ · (K ∩ L) ⊂ K+˜ϕL ⊂ τ · (K ∪ L). On the other hand, assume that ρK+˜ϕL(u0) >
min{ρK(u0), ρL(u0)} for some u0 ∈ S
n−1. Note that ϕ ∈ Φ˜2 is strictly increasing on each variable.
Thus,
1 = ϕ
(ρK+˜ϕL(u0)
ρK(u0)
,
ρK+˜ϕL(u0)
ρL(u0)
)
> max{ϕ(0, 1), ϕ(1, 0)} = 1,
a contradiction. Hence, for ϕ ∈ Φ˜2, one has
ρK+˜ϕL(u) ≤ min{ρK(u), ρL(u)}, ∀u ∈ S
n−1 ⇐⇒ K+˜ϕL ⊂ K ∩ L.
Similarly, for ϕ ∈ Ψ˜2, one has
ρK+˜ϕL(u) ≥ max{ρK(u), ρL(u)}, ∀u ∈ S
n−1 ⇐⇒ K+˜ϕL ⊃ K ∪ L.
(iii). Let L = λK for some λ > 0, which implies ρL(u) = λρK(u) for all u ∈ S
n−1. One sees that
for all u ∈ Sn−1,
ρ
K+˜ϕL
(u)
ρK(u)
satisfies the equation ϕ(x, x/λ) = 1 whose unique solution is τ1. Hence,
ρK+˜ϕL(u)
ρK(u)
= τ1, ∀u ∈ S
n−1 ⇐⇒ K+˜ϕL = τ1 ·K.
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(iv). For u ∈ Sn−1, let ai = ρKi(u) and bi = ρLi(u), i = 1, 2. Then a1 ≤ a2 and b1 ≤ b2 due to
K1 ⊂ K2 and L1 ⊂ L2. Part (i) of Lemma 2.1 implies
c1 = ρK1+˜ϕL1(u) ≤ c2 = ρK2+˜ϕL2(u).
Hence, K1+˜ϕL1 ⊂ K2+˜ϕL2 as desired.
Now let ϕ ≤ ϕ1 with ϕ,ϕ1 ∈ Φ˜2. Then, for all u ∈ S
n−1,
ϕ1
(ρK+˜ϕ1L(u)
ρK(u)
,
ρK+˜ϕ1L
(u)
ρL(u)
)
= 1 = ϕ
(ρK+˜ϕL(u)
ρK(u)
,
ρK+˜ϕL(u)
ρL(u)
)
≤ ϕ1
(ρK+˜ϕL(u)
ρK(u)
,
ρK+˜ϕL(u)
ρL(u)
)
. (2.3)
As ϕ1 is strictly increasing on each variable, one has, for all u ∈ S
n−1,
ρK+˜ϕ1L
(u)
ρK(u)
≤
ρK+˜ϕL(u)
ρK(u)
⇐⇒ ρK+˜ϕ1L
(u) ≤ ρK+˜ϕL(u)⇐⇒ K+˜ϕ1L ⊂ K+˜ϕL.
Now let ϕ ≤ ϕ1 with ϕ,ϕ1 ∈ Ψ˜2. Recall that ϕ1 is strictly decreasing on each variable. By equation
(2.3), one has, for all u ∈ Sn−1,
ρK+˜ϕ1L
(u)
ρK(u)
≥
ρK+˜ϕL(u)
ρK(u)
⇐⇒ K+˜ϕ1L ⊃ K+˜ϕL.
(v). We use T−1 for the inverse of T ∈ GL(n). For all u ∈ Sn−1, let v = T
−1u
‖T−1u‖
and one has
ρTK(u) = sup{λ > 0 : λu ∈ TK} = sup{λ > 0 : λT
−1u ∈ K} = sup{λ > 0 : λ‖T−1u‖v ∈ K}.
Hence,
ρTK(u)‖T
−1u‖ = ρK(v), (2.4)
which further implies
1 = ϕ
(ρTK+˜ϕTL(u)
ρTK(u)
,
ρTK+˜ϕTL(u)
ρTL(u)
)
= ϕ
(‖T−1u‖ρTK+˜ϕTL(u)
ρK(v)
,
‖T−1u‖ρTK+˜ϕTL(u)
ρL(v)
)
= ϕ
(ρK+˜ϕL(v)
ρK(v)
,
ρK+˜ϕL(v)
ρL(v)
)
.
Part (iii) of Lemma 2.1 implies that ‖T−1u‖ρTK+˜ϕTL(u) = ρK+˜ϕL(v) and by equation (2.4)
(TK)+˜ϕ(TL) = T (K+˜ϕL).
In particular, (−K)+˜ϕ(−L) = −(K+˜ϕL) by letting T be the negative of identity operator.
Moreover, if K = −K and L = −L, one gets
−(K+˜ϕL) = (−K)+˜ϕ(−L) = K+˜ϕL.
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Thus, K+˜ϕL is origin-symmetric.
(vi). Let {Kj}j≥1 ⊂ S0 and {Lj}j≥1 ⊂ S0 be convergent to K ∈ S0 and L ∈ S0 respectively
in dρ(·, ·). Define aj = ρKj(u) and bj = ρLj (u) for all u ∈ S
n−1. Hence, aj → a = ρK(u) and
bj → b = ρL(u) as j →∞. By Part (iv) of Lemma 2.1, one gets that for all u ∈ S
n−1,
cj = ρKj+˜ϕLj (u)→ c = ρK+˜ϕL(u).
We now claim that the above convergence is also uniform. To this end, assume that ρKj+˜ϕLj →
ρK+˜ϕL is not uniform on S
n−1, that is, there is ε0 > 0, for all j ≥ 1, one can find nj ≥ j and
unj ∈ S
n−1, such that,
|ρKnj +˜ϕLnj
(unj )− ρK+˜ϕL(unj)| ≥ ε0. (2.5)
Without loss of generality, assume that limj→∞ unj = u0 for some u0 ∈ S
n−1 (as Sn−1 is
compact) and limj→∞ ρKnj +˜ϕLnj
(unj ) = c0 with c0 a positive and finite number. In fact, as
(positive and continuous) ρKj(u) converges to (positive and continuous) ρK(u) and (positive and
continuous) ρLj (u) converges to (positive and continuous) ρL(u) uniformly on S
n−1, one can find
0 < M1 < M2 <∞, such that,
M1 ≤ ρK(u) ≤M2, M1 ≤ ρKj(u) ≤M2, ∀u ∈ S
n−1, ∀j ≥ 1;
M1 ≤ ρL(u) ≤M2, M1 ≤ ρLj (u) ≤M2, ∀u ∈ S
n−1, ∀j ≥ 1.
Parts (i) and (iii) of Lemma 2.1 imply that
τM1 ≤ ρK+˜ϕL(u) ≤ τM2, τM1 ≤ ρKj+˜ϕLj (u) ≤ τM2, ∀u ∈ S
n−1, ∀j ≥ 1.
Hence, the sequence ρKnj +˜ϕLnj
(unj ) is bounded and has a convergent subsequence.
In conclusion, we have limj→∞ unj = u0 and limj→∞ ρKnj +˜ϕLnj
(unj ) = c0. This further implies
1 = ϕ
(ρKnj +˜ϕLnj (unj )
ρKnj (unj )
,
ρKnj +˜ϕLnj
(unj )
ρLnj (unj )
)
→ ϕ
(
c0
ρK(u0)
,
c0
ρL(u0)
)
where we have used the uniform convergence of ρKj(u)→ ρK(u) and ρLj(u)→ ρL(u). This implies
that c0 = ρK+˜ϕL(u0). On the other hand, equation (2.5) implies
|ρKnj +˜ϕLnj
(unj )− ρK+˜ϕL(unj)| → |c0 − ρK+˜ϕL(u0)| ≥ ε0, as j →∞,
a contradiction with c0 = ρK+˜ϕL(u0). Hence, ρKj+˜ϕLj → ρK+˜ϕL uniformly on S
n−1, and
equivalently, Kj+˜ϕLj → K+˜ϕL in dρ(·, ·) as j →∞.
The following theorem provides a dual Orlicz-Brunn-Minkowski inequality for |K+˜ϕL|.
Theorem 2.1 (Dual Orlicz-Brunn-Minkowski inequality). Let ϕ ∈ Φ˜2 or ϕ ∈ Ψ˜2, and
Fϕ(x1, x2) = ϕ(x
−1/n
1 , x
−1/n
2 ).
(i) If Fϕ is convex, then for K,L ∈ S0,
ϕ
((
|K+˜ϕL|
|K|
)1/n
,
(
|K+˜ϕL|
|L|
)1/n)
≤ 1.
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If in addition Fϕ is strictly convex, equality holds if and only if K and L are dilates of each other.
(ii) If Fϕ is concave, then for K,L ∈ S0,
ϕ
((
|K+˜ϕL|
|K|
)1/n
,
(
|K+˜ϕL|
|L|
)1/n)
≥ 1.
If in addition Fϕ is strictly concave, equality holds if and only if K and L are dilates of each other.
Proof. (i). Jensen’s inequality and equation (2.2) imply that
1 =
∫
Sn−1
ϕ
(ρK+˜ϕL(u)
ρK(u)
,
ρK+˜ϕL(u)
ρL(u)
) [ρK+˜ϕL(u)]n
n|K+˜ϕL|
dσ(u)
=
∫
Sn−1
Fϕ
(
[ρK(u)]
n
[ρK+˜ϕL(u)]
n
,
[ρL(u)]
n
[ρK+˜ϕL(u)]
n
) [ρK+˜ϕL(u)]n
n|K+˜ϕL|
dσ(u)
≥ Fϕ
(∫
Sn−1
[ρK(u)]
n
n|K+˜ϕL|
dσ(u),
∫
Sn−1
[ρL(u)]
n
n|K+˜ϕL|
dσ(u)
)
= Fϕ
(
|K|
|K+˜ϕL|
,
|L|
|K+˜ϕL|
)
= ϕ
((
|K+˜ϕL|
|K|
)1/n
,
(
|K+˜ϕL|
|L|
)1/n)
.
If in addition Fϕ is strictly convex, then equality holds if and only if there are two constants
c1, c2 > 0 (note that K,L,K+˜ϕL ∈ S0 have continuous and positive radial functions), such that,
[ρK(u)]
n
[ρK+˜ϕL(u)]
n
= cn1 &
[ρL(u)]
n
[ρK+˜ϕL(u)]
n
= cn2 =⇒ ρL(u) =
c2
c1
ρK(u), ∀u ∈ S
n−1.
That is, K and L are dilates of each other.
(ii). Let Fϕ be concave, then
1 =
∫
Sn−1
Fϕ
(
[ρK(u)]
n
[ρK+˜ϕL(u)]
n
,
[ρL(u)]
n
[ρK+˜ϕL(u)]
n
) [ρK+˜ϕL(u)]n
n|K+˜ϕL|
dσ(u)
≤ Fϕ
(∫
Sn−1
[ρK(u)]
n
n|K+˜ϕL|
dσ(u),
∫
Sn−1
[ρL(u)]
n
n|K+˜ϕL|
dσ(u)
)
= ϕ
((
|K+˜ϕL|
|K|
)1/n
,
(
|K+˜ϕL|
|L|
)1/n)
.
Similar to case (i), if in addition Fϕ is strictly concave, equality holds in the dual Orlicz-Brunn-
Minkowski inequality if and only if K,L ∈ S0 are dilates of each other.
Remark. For ϕ(x, y) = x−p + y−p, our dual Orlicz-Brunn-Minkowski inequality becomes the
well-known Lp-dual Brunn-Minkowski inequality: Let K,L ∈ S0, then for p ∈ (n,∞) ∪ (−∞, 0),
|K+˜−pL|
p/n ≥ |K|p/n + |L|p/n;
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while for p ∈ (0, n],
|K+˜−pL|
p/n ≤ |K|p/n + |L|p/n.
In particular, the case p = 1 is called the dual Brunn-Minkowski inequality and the case p = n− 1
is called the dual Kneser-Su¨ss inequality. See the survey on the Brunn-Minkowski inequality by
Gardner [10].
3 The linear Orlicz ϕ-radial addition and the Orlicz Lφ-dual mixed
volume
For our purpose to derive formulas for the Orlicz Lφ-dual mixed volume, we need the linear Orlicz
ϕ-radial addition. Let ϕ(x, y) = αφ1(x)+βφ2(y) and ϕi(x, y) = αiφ1(x)+βiφ2(y) where functions
φ1, φ2 are either both in Φ˜1 or both in Ψ˜1, and α, β, αi, βi > 0 are constants such that α + β ≥ 1
and αi+βi ≥ 1 for i = 1, 2. Again, the assumption α+β ≥ 1 is mainly for convenience and general
choices can be taken.
Definition 3.1 For K,L ∈ S0, let K+˜ϕL be determined by the radial function ρK+˜ϕL(u) s.t.
1 = αφ1
(ρK+˜ϕL(u)
ρK(u)
)
+ βφ2
(ρK+˜ϕL(u)
ρL(u)
)
, ∀u ∈ Sn−1. (3.6)
Remark. Similar to the proof of Proposition 2.2, we can see that K+˜ϕL is a star body uniquely
determined by equation (3.6). If K and L are dilates of each other, say L = λK for some λ > 0,
then K+˜ϕL = τ1K with τ1 such that
αφ1(τ1) + βφ2(τ1/λ) = 1. (3.7)
Moreover, as α+β ≥ 1, there is a unique and finite number τ > 0 s.t. αφ1(τ)+βφ2(τ) = 1. Hence,
τ(K ∩ L) ⊂ K+˜ϕL ⊂ τ(K ∪ L).
If α1 ≤ α2 and β1 ≤ β2, then for φ1, φ2 ∈ Φ˜1,
1 = α2φ1
(ρK+˜ϕ2L(u)
ρK(u)
)
+ β2φ2
(ρK+˜ϕ2L(u)
ρL(u)
)
= α1φ1
(ρK+˜ϕ1L(u)
ρK(u)
)
+ β1φ2
(ρK+˜ϕ1L(u)
ρL(u)
)
≤ α2φ1
(ρK+˜ϕ1L(u)
ρK(u)
)
+ β2φ2
(ρK+˜ϕ1L(u)
ρL(u)
)
, ∀u ∈ Sn−1.
Due to the strictly increasing property of φ1, φ2 ∈ Φ˜1, one has
ρK+˜ϕ2L
(u) ≤ ρK+˜ϕ1L
(u), ∀u ∈ Sn−1 ⇐⇒ K+˜ϕ2L ⊂ K+˜ϕ1L.
Similarly, if α1 ≤ α2 and β1 ≤ β2, then for φ1, φ2 ∈ Ψ˜1 (and hence φ1, φ2 are strictly decreasing),
ρK+˜ϕ2L
(u) ≥ ρK+˜ϕ1L
(u), ∀u ∈ Sn−1 ⇐⇒ K+˜ϕ2L ⊃ K+˜ϕ1L.
The following corollary is the related dual Orlicz-Brunn-Minkowski inequality for the linear
Orlicz ϕ-radial addition. For functions φ1, φ2, let F1(t) = φ1(t
−1/n) and F2(t) = φ2(t
−1/n). Recall
that ϕ(x, y) = αφ1(x) + βφ2(y).
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Corollary 3.1 (Dual Orlicz-Brunn-Minkowski inequality). Let φ1, φ2 be either both in Φ˜1
or both in Ψ˜1.
(i) Let K,L ∈ S0. If both F1(t) and F2(t) are convex, one has
αφ1
((
|K+˜ϕL|
|K|
)1/n)
+ βφ2
((
|K+˜ϕL|
|L|
)1/n)
≤ 1.
If in addition at least one of F1(t) and F2(t) are strictly convex, equality holds if and only if K and
L are dilates of each other.
(ii) Let K,L ∈ S0. If both F1(t) and F2(t) are concave, one has
αφ1
((
|K+˜ϕL|
|K|
)1/n)
+ βφ2
((
|K+˜ϕL|
|L|
)1/n)
≥ 1.
If in addition at least one of F1(t) and F2(t) are strictly concave, equality holds if and only if K
and L are dilates of each other.
Proof. The proof is similar to that of Theorem 2.1. For completeness, we include a brief proof
here. First, note that equation (3.6) is equivalent to
αF1
(
[ρK(u)]
n
[ρK+˜ϕL(u)]
n
)
+ βF2
(
[ρL(u)]
n
[ρK+˜ϕL(u)]
n
)
= 1, ∀u ∈ Sn−1.
(i). Let F1(t) and F2(t) be both convex. Jensen’s inequality implies that
1 =
∫
Sn−1
[
αF1
(
[ρK(u)]
n
[ρK+˜ϕL(u)]
n
)
+ βF2
(
[ρL(u)]
n
[ρK+˜ϕL(u)]
n
)] [ρK+˜ϕL(u)]n
n|K+˜ϕL|
dσ(u)
≥ αF1
(∫
Sn−1
[ρK(u)]
n
n|K+˜ϕL|
dσ(u)
)
+ βF2
(∫
Sn−1
[ρL(u)]
n
n|K+˜ϕL|
dσ(u)
)
= αφ1
((
|K+˜ϕL|
|K|
)1/n)
+ βφ2
((
|K+˜ϕL|
|L|
)1/n)
. (3.8)
Clearly, by equation (3.7), if K and L are dilates of each other, one gets the equality.
Assume that in addition at least one of F1(t) and F2(t) are strictly convex. Without loss of
generality, let F1(t) be strictly convex. Then, equality holds in inequality (3.8) if and only if
equalities hold for Jensen’s inequality on both F1(t) and F2(t). As F1(t) is strictly convex, there is
a constant c1 > 0 (note that K,K+˜ϕL ∈ S0 have continuous positive radial functions), such that,
[ρK(u)]
n
[ρK+˜ϕL(u)]
n
=
(
1
c1
)n
, ∀u ∈ Sn−1 ⇐⇒ ρK+˜ϕL(u) = c1 · ρK(u), ∀u ∈ S
n−1.
Together with equation (3.6), one has, for all u ∈ Sn−1,
1 = αφ1(c1) + βφ2
(
c1 · ρK(u)
ρL(u)
)
=⇒
c1 · ρK(u)
ρL(u)
= φ−12
(
1− αφ1(c1)
β
)
.
That is, K and L are dilates of each other as desired.
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(ii). Let F1(t) and F2(t) be both concave. Jensen’s inequality implies that
1 =
∫
Sn−1
[
αF1
(
[ρK(u)]
n
[ρK+˜ϕL(u)]
n
)
+ βF2
(
[ρL(u)]
n
[ρK+˜ϕL(u)]
n
)] [ρK+˜ϕL(u)]n
n|K+˜ϕL|
dσ(u)
≤ αF1
(∫
Sn−1
[ρK(u)]
n
n|K+˜ϕL|
dσ(u)
)
+ βF2
(∫
Sn−1
[ρL(u)]
n
n|K+˜ϕL|
dσ(u)
)
= αφ1
((
|K+˜ϕL|
|K|
)1/n)
+ βφ2
((
|K+˜ϕL|
|L|
)1/n)
.
Similar to Part (i), if in addition at least one of F1(t) and F2(t) are strictly concave, equality holds
if and only if K and L are dilates of each other.
The case α = 1 and β = ǫ is important for us to derive the formula for Orlicz Lφ-dual mixed
volume. Let K+˜ǫ,φ1,φ2L ∈ S0 be determined by the radial function ρK+˜ǫ,φ1,φ2L
(·), such that,
1 = φ1
(ρK+˜ǫ,φ1,φ2L(u)
ρK(u)
)
+ ǫφ2
(ρK+˜ǫ,φ1,φ2L(u)
ρL(u)
)
, ∀u ∈ Sn−1.
By the remark after Definition 3.1, one gets, for all 0 < ǫ ≤ 1,
K+˜1,φ1,φ2L ⊂ K+˜ǫ,φ1,φ2L ⊂ K, φ1, φ2 ∈ Φ˜1; (3.9)
K+˜1,φ1,φ2L ⊃ K+˜ǫ,φ1,φ2L ⊃ K, φ1, φ2 ∈ Ψ˜1. (3.10)
A more convenient equivalent formula is
1 = G1
( [ρK+˜ǫ,φ1,φ2L(u)]n
[ρK(u)]n
)
+ ǫG2
( [ρK+˜ǫ,φ1,φ2L(u)]n
[ρL(u)]n
)
, ∀u ∈ Sn−1, (3.11)
where G1(t) = φ1(t
1/n) and G2(t) = φ2(t
1/n).
Lemma 3.1 Let K,L ∈ S0.
(i) Let φ1, φ2 be either both in Φ˜1 or both in Ψ˜1. The following limit is uniform on S
n−1
ρK+˜ǫ,φ1,φ2L
(u)→ ρK(u) as ǫ→ 0
+.
(ii) Let φ1, φ2 ∈ Φ˜1 be such that φ
′
1,l(1), the left-derivative of φ1(t) at 1, exists and is finite. The
following limit is uniform on Sn−1
φ′1,l(1) lim
ǫ→0+
[ρK(u)]
n − [ρK+˜ǫ,φ1,φ2L
(u)]n
nǫ
= φ2
(
ρK(u)
ρL(u)
)
[ρK(u)]
n.
(iii) Let φ1, φ2 ∈ Ψ˜1 be such that φ
′
1,r(1), the right-derivative of φ1(t) at 1, exists and is finite. The
following limit is uniform on Sn−1
φ′1,r(1) lim
ǫ→0+
[ρK(u)]
n − [ρK+˜ǫ,φ1,φ2L
(u)]n
nǫ
= φ2
(
ρK(u)
ρL(u)
)
[ρK(u)]
n.
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Proof. (i). Let φ1, φ2 ∈ Φ˜1, formula (3.9) and the monotone increasing property of φ1, φ2 (and
hence φ−11 ) imply that
φ−11 (1− ǫφ2 (a)) ≤
ρK+˜ǫ,φ1,φ2L
(u)
ρK(u)
= φ−11
(
1− ǫφ2
(ρK+˜ǫ,φ1,φ2L(u)
ρL(u)
))
≤ φ−11 (1− ǫφ2 (b)) ,
uniformly on Sn−1 with 0 < a, b <∞ defined by (note that K,L,K+˜1,φ1,φ2L ∈ S0 have continuous
positive radial functions)
a = max
u∈Sn−1
ρK(u)
ρL(u)
, b = min
u∈Sn−1
ρK+˜1,φ1,φ2L
(u)
ρL(u)
.
Taking ǫ→ 0+, we get that the desired limit is uniform on Sn−1. The case φ1, φ2 ∈ Ψ˜1 follows by
a similar argument.
(ii). Note that G′1,l(1) = φ
′
1,l(1)/n. It is enough to prove that
G′1,l(1) lim
ǫ→0+
1−
(ρK+˜ǫ,φ1,φ2L(u)
ρK(u)
)n
ǫ
= φ2
(
ρK(u)
ρL(u)
)
.
As φ1 ∈ Φ˜1 is a strictly increasing function, G1(t) is also increasing and its inverse exists (denoted
by G−11 (t)). Given u ∈ S
n−1, let
z(ǫ) =
(ρK+˜ǫ,φ1,φ2L(u)
ρK(u)
)n
.
Equation (3.11) implies that
1−
(ρK+˜ǫ,φ1,φ2L(u)
ρK(u)
)n
ǫ
=
1− z(ǫ)
ǫ
= φ2
(ρK+˜ǫ,φ1,φ2L(u)
ρL(u)
)
·
1− z(ǫ)
1−G1(z(ǫ))
.
If ǫ → 0+, then z(ǫ) → 1− uniformly on Sn−1 by Part (i) and inequality (3.9). Therefore, the
following limit is uniformly on Sn−1,
lim
ǫ→0+
1−
(ρK+˜ǫ,φ1,φ2L(u)
ρK(u)
)n
ǫ
= lim
ǫ→0+
φ2
(ρK+˜ǫ,φ1,φ2L(u)
ρL(u)
)
· lim
z(ǫ)→1−
1− z(ǫ)
1−G1(z(ǫ))
=
1
G′1,l(1)
· φ2
(
ρK(u)
ρL(u)
)
=
n
φ′1,l(1)
· φ2
(
ρK(u)
ρL(u)
)
.
(iii). Note that G′1,r(1) = φ
′
1,r(1)/n. For φ1, φ2 ∈ Ψ˜1, Part (i) and inequality (3.10) imply that
z(ǫ)→ 1+ uniformly on Sn−1 as ǫ→ 0+. Therefore, uniformly on Sn−1,
lim
ǫ→0+
1−
(ρK+˜ǫ,φ1,φ2L(u)
ρK(u)
)n
ǫ
= lim
ǫ→0+
φ2
(ρK+˜ǫ,φ1,φ2L(u)
ρL(u)
)
· lim
z(ǫ)→1+
1− z(ǫ)
1−G1(z(ǫ))
=
n
φ′1,r(1)
· φ2
(
ρK(u)
ρL(u)
)
.
The asymptotic behaviour of |K+˜ǫ,φ1,φ2L| is stated in the following theorem. See similar results
for φ1(t) = φ2(t) = t
p with p ≥ 1 in [25].
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Theorem 3.1 Let K,L ∈ S0.
(i) Let φ1, φ2 ∈ Φ˜1 be such that φ
′
1,l(1) exists and is finite. One has
φ′1,l(1) lim
ǫ→0+
|K| − |K+˜ǫ,φ1,φ2L|
nǫ
=
1
n
∫
Sn−1
φ2
(
ρK(u)
ρL(u)
)
[ρK(u)]
n dσ(u).
(ii) Let φ1, φ2 ∈ Ψ˜1 be such that φ
′
1,r(1) exists and is finite. One has
φ′1,r(1) lim
ǫ→0+
|K| − |K+˜ǫ,φ1,φ2L|
nǫ
=
1
n
∫
Sn−1
φ2
(
ρK(u)
ρL(u)
)
[ρK(u)]
n dσ(u).
Proof. Part (ii) of Lemma 3.1 implies that for φ1, φ2 ∈ Φ˜1 with φ
′
1,l(1) finite,
φ′1,l(1) lim
ǫ→0+
|K| − |K+˜ǫ,φ1,φ2L|
nǫ
= φ′1,l(1) lim
ǫ→0+
∫
Sn−1
[ρK(u)]
n − [ρK+˜ǫ,φ1,φ2L
(u)]n
n2ǫ
dσ(u)
= φ′1,l(1)
∫
Sn−1
(
lim
ǫ→0+
[ρK(u)]
n − [ρK+˜ǫ,φ1,φ2L
(u)]n
n2ǫ
)
dσ(u)
=
1
n
∫
Sn−1
φ2
(
ρK(u)
ρL(u)
)
[ρK(u)]
n dσ(u).
By Part (iii) of Lemma 3.1, one can prove the case φ1, φ2 ∈ Ψ˜1 along the same line.
In view of Theorem 3.1, we define the Orlicz Lφ-dual mixed volume of K,L ∈ S0 for all
continuous positive functions φ as follows.
Definition 3.2 Let φ : (0,∞) → (0,∞) be a continuous positive function. Define the Orlicz
Lφ-dual mixed volume, denoted by V˜φ(K,L), of star bodies K,L ∈ S0 as
V˜φ(K,L) =
1
n
∫
Sn−1
φ
(
ρK(u)
ρL(u)
)
[ρK(u)]
n dσ(u).
When φ(t) = 1, one gets V˜φ(K,L) = |K| for all K,L ∈ S0. If φ(t) = t
−n, one has V˜φ(K,L) = |L|
for all K,L ∈ S0.
Denote by SL(n) the subset of GL(n) with unit absolute value of determinant, i.e., T ∈ SL(n)
if T ∈ GL(n) with |det(T )| = 1. We now prove that the Orlicz Lφ-dual mixed volume V˜φ(K,L) is
SL(n)-invariant.
Theorem 3.2 For T ∈ SL(n) and K,L ∈ S0, one has
V˜φ(TK, TL) = V˜φ(K,L).
Proof. Let T ∈ SL(n). Define u = T
−1v
‖T−1v‖
∈ Sn−1 for v ∈ Sn−1. Equation (2.4) implies that
φ
(
ρK(u)
ρL(u)
)
= φ
(
ρTK(v)
ρTL(v)
)
.
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Note that 1n [ρK(u)]
n dσ(u) is the volume element of K and hence [ρTK(v)]
n dσ(v) = [ρK(u)]
n dσ(u).
Thus, for T ∈ SL(n) and all K,L ∈ S0,
nV˜φ(TK, TL) =
∫
Sn−1
φ
(
ρTK(v)
ρTL(v)
)
[ρTK(v)]
n dσ(v)
=
∫
Sn−1
φ
(
ρK(u)
ρL(u)
)
[ρK(u)]
n dσ(u)=nV˜φ(K,L).
Let ψ(t) have inverse function ψ−1(t) and H(t) = (φ ◦ ψ−1)(t) be the composition function of
φ(t) and ψ−1(t). The following result compares V˜φ(K,L) and V˜ψ(K,L) for all K,L ∈ S0.
Proposition 3.1 Let K,L ∈ S0 and φ,ψ be continuous positive functions with H(t) = (φ◦ψ
−1)(t).
(i) If H(t) is convex, then
V˜φ(K,L)
|K|
≥ H
(
V˜ψ(K,L)
|K|
)
.
If in addition H(t) is strictly convex, equality holds if and only if K and L are dilates of each other.
(ii) If H(t) is concave, then
V˜φ(K,L)
|K|
≤ H
(
V˜ψ(K,L)
|K|
)
.
If in addition H(t) is strictly concave, equality holds if and only if K and L are dilates of each
other.
Proof. (i). Let H(t) be convex. Jensen’s inequality implies that
V˜φ(K,L)
|K|
=
1
n|K|
∫
Sn−1
φ
(
ρK(u)
ρL(u)
)
[ρK(u)]
n dσ(u)
=
1
n|K|
∫
Sn−1
H
(
ψ
(
ρK(u)
ρL(u)
))
[ρK(u)]
n dσ(u)
≥ H
(
1
n|K|
∫
Sn−1
ψ
(
ρK(u)
ρL(u)
)
[ρK(u)]
n dσ(u)
)
= H
(
V˜ψ(K,L)
|K|
)
.
Note that K,L ∈ S0 have continuous positive radial functions. Therefore, ifH(t) is strictly convex,
equality holds in the above inequality if and only if there is a constant λ > 0, such that
ψ
(
ρK(u)
ρL(u)
)
= ψ(λ) =⇒
ρK(u)
ρL(u)
= λ, ∀u ∈ Sn−1.
That is K and L are dilates of each other.
(ii). Let H(t) be concave. Jensen’s inequality implies that
V˜φ(K,L)
|K|
=
1
n|K|
∫
Sn−1
H
(
ψ
(
ρK(u)
ρL(u)
))
[ρK(u)]
n dσ(u) ≤ H
(
V˜ψ(K,L)
|K|
)
.
Similar to Part (i), if in addition H(t) is strictly concave, equality holds if and only if K and L are
dilates of each other.
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4 Inequalities for the Orlicz Lφ-dual mixed volume
This section dedicates to generalize fundamental inequalities in the classical Brunn-Minkowski
theory for convex bodies, such as, Minkowski first inequality, isoperimetric inequality and Urysohn
inequality, to their dual Orlicz counterparts.
For φ : (0,∞) → (0,∞), let F (t) = φ(t−1/n) and hence φ(t) = F (t−n). Consider the sets of
functions Φ and Ψ as
Φ = {φ : (0,∞)→ (0,∞) : F (t) is either a constant or a convex function},
Ψ = {φ : (0,∞)→ (0,∞) : F (t) is either a constant or an increasing concave function}.
Sample functions in Φ are: tp with p ∈ (−∞,−n]∪ (0,∞) and convex increasing functions; sample
functions in Ψ are: tp with p ∈ [−n, 0), arctan(t−n) and ln(1+t−n). Both Φ and Ψ may not contain
some nice functions such as φ(t) = e−t and could have neither convex nor concave functions. Note
that functions φ(t) and F (t) have opposite monotonicity: if one is increasing then the other will
be decreasing (and vice verse). The relation of convexity and concavity between φ(t) and F (t) is
not clear; however if one is convex and increasing, then the other must be convex and decreasing.
See [32] for more discussion on the properties of Φ and Ψ. (Note that Φ and Ψ defined in [32] have
extra restrictions: strict convexity and strict concavity respectively).
Theorem 4.1 (Dual Orlicz-Minkowski inequality). Let K,L ∈ S0.
(i) For φ ∈ Φ, one has
V˜φ(K,L) ≥ |K| · φ
(
|K|1/n · |L|−1/n
)
.
If in addition F (t) is strictly convex, equality holds if and only if K and L are dilates of each other.
(ii) For φ ∈ Ψ, one has
V˜φ(K,L) ≤ |K| · φ
(
|K|1/n · |L|−1/n
)
.
If in addition F (t) is strictly concave, equality holds if and only if K and L are dilates of each
other.
Proof. (i). Let φ ∈ Φ and then F (t) = φ(t−1/n) is convex. Jensen’s inequality (for convex function
F (t)) implies that for all K,L ∈ S0,
V˜φ(K,L) =
1
n
∫
Sn−1
φ
(
ρK(u)
ρL(u)
)
[ρK(u)]
n dσ(u)
= |K|
∫
Sn−1
F
(
ρnL(u)
ρnK(u)
)
[ρK(u)]
n
n|K|
dσ(u)
≥ |K| · F
(∫
Sn−1
ρnL(u)
n|K|
dσ(u)
)
= |K| · F
(
|L|
|K|
)
= φ
(
|K|1/n · |L|−1/n) · |K|. (4.12)
If in addition F is strictly convex, then equality holds in inequality (4.12) if and only if there is
λ > 0, such that ρL(u) = λρK(u) for all u ∈ S
n−1. That is, K and L are dilates of each other.
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(ii). Let φ ∈ Ψ and then F (t) = φ(t−1/n) is concave. Jensen’s inequality (for concave function
F (t)) implies that for all K,L ∈ S0,
V˜φ(K,L) = |K|
∫
Sn−1
F
(
ρnL(u)
ρnK(u)
)
[ρK(u)]
n
n|K|
dσ(u)
≤ |K| · F
(∫
Sn−1
ρnL(u)
n|K|
dσ(u)
)
= φ
(
|K|1/n · |L|−1/n) · |K|. (4.13)
If in addition F is strictly concave, then equality holds in inequality (4.13) if and only if there is
λ > 0, such that, ρL(u) = λρK(u) for all u ∈ S
n−1. That is, K and L are dilates of each other.
Define the Orlicz Lφ-dual surface area of K to be nV˜φ(K,B
n
2 ) and denote by S˜φ(K). It is easily
checked that for all r > 0,
S˜φ(rB
n
2 ) = nV˜φ(rB
n
2 , B
n
2 ) = φ(r) · n|rB
n
2 |.
We use S˜p(K) for the case φ(t) = t
p, and for λ > 0,
S˜p(λK) = λ
n+pS˜p(K). (4.14)
We now establish the following dual Orlicz isoperimetric inequality for S˜φ(K). Let BK be the
origin-symmetric Euclidean ball with |BK | = |K|. Therefore, BK = rB
n
2 with r = |K|
1/n|Bn2 |
−1/n,
and then
S˜φ(BK) = φ(r) · n|rB
n
2 | = φ
(
|K|1/n
|Bn2 |
1/n
)
· n|K|. (4.15)
Theorem 4.2 (Dual Orlicz isoperimetric inequality). Let K ∈ S0.
(i) For φ ∈ Φ, one has
S˜φ(K) ≥ S˜φ(BK).
If in addition F (t) is strictly convex, equality holds if and only if K is an origin-symmetric
Euclidean ball.
(ii) For φ ∈ Ψ, one has
S˜φ(K) ≤ S˜φ(BK).
If in addition F (t) is strictly concave, equality holds if and only if K is an origin-symmetric
Euclidean ball.
Proof. (i). Let K ∈ S0. The dual Orlicz-Minkowski inequality implies that for φ ∈ Φ, one has
S˜φ(K) = nV˜φ(K,B
n
2 ) ≥ n|K| · φ
(
|K|1/n · |Bn2 |
−1/n
)
= S˜φ(BK)
where the last equality follows from formula (4.15). If in addition F (t) is strictly convex, equality
holds if and only if K and Bn2 are dilates of each other. That is, K is an origin-symmetric Euclidean
ball.
(ii). For φ ∈ Ψ, the dual Orlicz-Minkowski inequality implies that
S˜φ(K) = nV˜φ(K,B
n
2 ) ≤ n|K| · φ
(
|K|1/n · |Bn2 |
−1/n
)
= S˜φ(BK)
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where the last equality follows from formula (4.15). If in addition F (t) is strictly concave, equality
holds if and only if K and Bn2 are dilates of each other. That is, K is an origin-symmetric Euclidean
ball.
Remark. The dual Orlicz isoperimetric inequality states that for all star bodies with fixed volume,
the origin-symmetric Euclidean ball has the minimal Orlicz Lφ-dual surface area for φ ∈ Φ. If
φ(t) = tp with p ∈ (0,∞) ∪ (−∞,−n), one can even have, by formula (4.14),
S˜p(K)
S˜p(B
n
2 )
≥
(
|K|
|Bn2 |
)n+p
n
.
On the other hand, if φ ∈ Ψ, for all star bodies with fixed volume, the origin-symmetric Euclidean
ball has the maximal Orlicz Lφ-dual surface area. If φ(t) = t
p with p ∈ (−n, 0), one can even have,
by formula (4.14),
S˜p(K)
S˜p(Bn2 )
≤
(
|K|
|Bn2 |
)n+p
n
.
For K ∈ S0, define the Orlicz Lφ-harmonic mean radius of K (denoted by ω˜φ(K)) as
ω˜φ(K) =
1
nωn
∫
Sn−1
φ
(
1
ρK(u)
)
dσ(u) =
V˜φ(B
n
2 ,K)
ωn
.
Clearly, for K = rBn2 , then
ω˜φ(rB
n
2 ) =
1
nωn
∫
Sn−1
φ
(
1/r
)
dσ(u) = φ
(
1/r
)
.
In particular, as BK = rB
n
2 with r = |K|
1/n|Bn2 |
−1/n, one has
ω˜φ(BK) = φ
(
|Bn2 |
1/n · |K|−1/n
)
.
One can also define the Orlicz Lφ mean radius of K as
1
nωn
∫
Sn−1
φ
(
ρK(u)
)
dσ(u) = ω˜φ˜(K) =
1
nωn
∫
Sn−1
φ˜
(
1
ρK(u)
)
dσ(u)
where φ˜(t) = φ(t−1). To be consistent with function classes Φ and Ψ, we prove the following dual
Orlicz-Urysohn inequality for the Orlicz Lφ-harmonic mean radius of K.
Theorem 4.3 (Dual Orlicz-Urysohn inequality). Let K ∈ S0.
(i) If φ ∈ Φ, then
ω˜φ(K) ≥ ω˜φ(BK).
If in addition F (t) is strictly convex, equality holds if and only if K is an origin-symmetric
Euclidean ball.
(ii) If φ ∈ Ψ, then
ω˜φ(K) ≤ ω˜φ(BK).
If in addition F (t) is strictly concave, equality holds if and only if K is an origin-symmetric
Euclidean ball.
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Proof. (i). The dual Orlicz-Minkowski inequality implies that for φ ∈ Φ,
V˜φ(B
n
2 ,K) ≥ |B
n
2 | · φ
(
|Bn2 |
1/n · |K|−1/n
)
.
Dividing both sides by ωn = |B
n
2 |, one gets,
ω˜φ(K) =
V˜φ(B
n
2 ,K)
ωn
≥ φ
(
|Bn2 |
1/n · |K|−1/n
)
= ω˜φ(BK).
If in addition F (t) is strictly convex, equality holds if and only if K and Bn2 are dilates of each
other. That is, K is an origin-symmetric Euclidean ball.
(ii). The dual Orlicz-Minkowski inequality implies that for φ ∈ Ψ,
V˜φ(B
n
2 ,K) ≤ |B
n
2 | · φ
(
|Bn2 |
1/n · |K|−1/n
)
.
Dividing both sides by ωn = |B
n
2 |, one gets,
ω˜φ(K) =
V˜φ(B
n
2 ,K)
ωn
≤ φ
(
|Bn2 |
1/n · |K|−1/n
)
= ω˜φ(BK).
If in addition F (t) is strictly concave, equality holds if and only if K and Bn2 are dilates of each
other. That is, K is an origin-symmetric Euclidean ball.
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